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Abstract
Assume that M is a smooth manifold with a symplectic structure ω. Then Weyl
manifolds on the symplectic manifold M are Weyl algebra bundles endowed with
suitable transition functions. From the geometrical point of view, Weyl manifolds can
be regarded as geometrizations of star products attached to (M,ω). In the present
paper, we are concerned with the automorphisms of the Weyl manifold corresponding
to Poincare´-Cartan class 1 [c0+
∑∞
ℓ=1 cℓν
2ℓ] ∈ Hˇ2(M)[[ν2]]. We also construct modified
contact Weyl diffeomorphisms2 corresponding to symplectic diffeomorphisms of the
base symplectic manifold.
1 Introduction
It is well known that the concept of Lie group has a long history. It originated
from Sophus Lie who initiated the systematic investigation of group germs of
continuous transformations. As can be seen in introduction of a monograph by
H. Omori [40], S. Lie seemed to be motivated by the followings:
• To construct a theory for differential equation similar to Galois theory.
• To investigate groups such as continuous transformations that leave various
geometrical structure invariant.
It is well known that the theory of Lie groups has expanded in two directions:
∗The author’s research is supported by Grant-in-Aid for Scientific Research (#17540096,
#18540093), Ministry of Education, Culture, Sports, Science and Technology, Japan. It is
also supported by Keio Gijuku Academic Funds.
1c0 is a Cˇech cocycle corresponding to the symplectic structure ω.
2In this paper, we often call them lifts of symplectic diffeomorphisms.
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(A) theory of finite-dimensional Lie groups and Lie algebras,
(B) theory expanded to include Banach-Lie groups and diffeomorphisms those
elements leave various geometrical structure invariant.
There are a large number of works from standpoint of (A). With respect to (B),
there are also numerous works which are concerned with Banach-Lie groups and
their geometrical and topological properties (cf. [50]). On the other hand, as to
groups of diffeomorphisms, it was already known in [39] that a Banach-Lie group
acting effectively on a finite-dimensional smooth manifold is necessarily finite-
dimensional. So there is no way to model a group of diffeomorphisms on Banach
spaces as a manifold. Under the situation above, in the end of 1960s, Omori
established theory of infinite-dimensional Lie groups called “ILB-Lie groups”3
beyond Banach-Lie groups, taking ILB-chains as model spaces in order to treat
groups of diffeomorpshisms on a manifold (see [40] for the precise definition).
Shortly after his works, Omori et al. [47] introduced the definition of Lie group
modeled on a Fre´chet space equipped with a certain property called “regurality”
by relaxing the conditions of ILB-Lie group. Roughly speaking, regularity means
that the smooth curves in the Lie algebra integrate to smooth curves in the Lie
group in a smooth way (see also [29], [40] and [48]). Using this notion, they
studied subgroups of a group of diffeomorphisms, and the group of invertible
Fourier integral operators with suitable amplitude functions on a manifold. For
technical reasons, they assumed that the base manifold is compact (cf. [1], [2],
[3], [28] and [47]). Beyond a compact base manifold, in order to treat groups
of diffeomorphisms on a noncompact manifold, we need more general category
of Lie groups, i.e. infinite-dimensional Lie groups modeled on locally convex
spaces which are Mackey complete (see §2. See also [11] and [22]).
In this paper, we are concerned with the group 4 Aut(M, ∗) of all modified
contact Weyl diffeomorphisms on a contact Weyl manifold over a symplectic
manifold (M,ω), where a contact Weyl manifold introduced by A. Yoshioka in
[58] is a geometric realization of star product introduced in [6]. In this context,
a modified contact Weyl diffeomorphism is regarded as an automorphism of star
product. As to the group Aut(M, ∗), we have the following.
Theorem 1.1 1. Set
Aut(M, ∗) = {Φ ∈ Aut(M, ∗) |Φ induces the base identity map.}.
Then Aut(M, ∗) is a Lie group modeled on a Mackey complete locally con-
vex space.
2. Any element Ψ ∈ Aut(M, ∗) induces a symplectic diffeomorphism on the
base manifold and there exists a group homomorphism p from Aut(M, ∗)
onto Diff(M,ω), where Diff(M,ω) is the regular Lie group of all symplectic
diffeomorphisms on the symplectic manifold (M,ω).
3“ILB” means inductive limit of Banach spaces.
4See Definition 5.1 for the precise definition.
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3. The group Aut(M, ∗) is a Lie group modeled on a Mackey complete locally
convex space 5.
4. Under the same assumption above,
1→ Aut(M, ∗)→ Aut(M, ∗)→ Diff(M,ω)→ 1
is a short exact sequence of Lie groups.
5. The groups Aut(M, ∗) and Aut(M, ∗) are regular Lie groups.
We note that this result in formal deformation quantization might be regarded
as a counterpart of the result of the regular Lie group sturcture for the group
GF0(N) of invertible Fourier integral operators with classical symbols of order
0 on a riemannian manifold N in micro-local analysis (see [3], [11] and [47]).
Moreover it is also known that the following sequence
1→ GΨ0(N)→ GF0(N)→ Diff(S∗N, θ)→ 1(1)
is exact, where GΨ0(N) (resp. Diff(S
∗N, θ)) denotes the group of invertible
pseudo-differential operators with classical symbols of order 0 (resp. the group
of contact diffeomorphisms on the unit cosphere bundle S∗N with the contact
structure θ).
Remark that from the point of view of differential geometry, a contact Weyl
manifold might be seen as a “prequantum bundle” over a symplectic manifold
(M,ω) where the symplectic structure ω is not necessarily integral, and a mod-
ified contact Weyl diffeomorphim can be regarded as a quantum symplectic
diffeomorphism over a “prequantum bundle”.
As is well known, theory of infinite-dimensional Lie algebras including Kac-
Moody algebras has made rapid and remarkable progress for the past two
decades involving completely integrable system (Sato’s theory), loop groups,
conformal field theory and quantum groups. However, it would be rather dif-
ficult for me to review this fruitful field. A definite treatment of the infinite-
dimensional Lie algebras is found in Kac [18], Tanisaki [53] and Wakimoto [54].
2 Infinite-dimensional Lie groups
In this section we give a survey of regular Lie groups. For the purpose, we first
recall Mackey completeness, see the excellent monographs [17], [22] for details.
Definition 2.1 A locally convex space E is called a Mackey complete (MC for
short) if one of the following equivalent conditions is satisfied:
1. For any smooth curve c in E there is a smooth curve C in E with C′ = c.
2. If c : R → E is a curve such that l ◦ c : R → R is smooth for all ℓ ∈ E∗,
then c is smooth.
5If the base manifold is compact, the model spaces of Aut(M, ∗) and Aut(M, ∗) are Fre´chet
spaces.
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3. Locally completeness: For every absolutely convex closed bounded6 subset
B, EB is complete, where EB is a normed space linearly generated by B
with a norm pB(v) = inf{λ > 0|v ∈ λB}.
4. Mackey completeness: any Mackey-Cauchy net converges in E.
5. Sequential Mackey completeness: any Mackey-Cauchy sequence converges
in E.
Here a net {xγ}γ∈Γ is called Mackey-Cauchy if there exists a bounded set B
and a net {µγ,γ′}(γ,γ′)∈Γ×Γ in R converging to 0, such that xγ−xγ′ ∈ µγ,γ′B =
{µγ,γ′ · x|x ∈ B}.
We recall the fundamentals relating to infinite-dimensional differential ge-
ometry.
1. Infinite-dimensional manifolds are defined on Mackey complete locally con-
vex spaces in much the same way as ordinary manifolds are defined on
finite-dimensional spaces. In this paper, a manifold equipped with a smooth
group operation is referred to as a Lie group. Remark that in the cate-
gory of infinite-dimensional Lie groups, the existence of exponential maps
is not ensured in general, and even if an exponential map exists, the local
surjectivity of it does not hold (cf. Definition 2.2).
2. A kinematic tangent vector (a tangent vector for short) with a foot point
x of an infinite-dimensional manifold X modeled on a Mackey complete
locally convex space F is a pair (x,X) with X ∈ F , and let TxF = F be the
space of all tangent vectors with foot point x. It consists of all derivatives
c′(0) at 0 of smooth curve c : R → F with c(0) = x. Remark that
operational tangent vectors viewed as derivations and kinematic tangent
vectors via curves differ in general. A kinematic vector field is a smooth
section of kinematic vector bundle TM →M .
3. We set Ωk(M) = C∞(Lskew(TM × · · · × TM,M×R)) and call it the space
of kinematic differential forms, where “skew” denotes “skew-symmetric”.
Remark that the space of kinematic differential forms turns out to be the
right ones for calculus on manifolds; especially for them the theorem of
de Rham is proved.
Next we give the precise definition of regularity (cf. [29], [40], [47] and [48]):
Definition 2.2 A Lie group G modeled on a Mackey complete locally convex
space G is called a regular Lie group if one of the following equivalent conditions
is satisfied
1. For each X ∈ C∞(R,G), there exists g ∈ C∞(R, G) satisfying
g(0) = e,
∂
∂t
g(t) = Rg(t)(X(t)),(2)
6 A subset B is called bounded if it is absorbed by every 0-neighborhood in E, i.e. for
every 0-neighborhood U , there exists a positive number p such that [0, p] ·B ⊂ U .
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2. For each X ∈ C∞(R,G), there exists g ∈ C∞(R, G) satisfying
g(0) = e,
∂
∂t
g(t) = Lg(t)(X(t)),(3)
where R(X) (resp. L(X)) is the right (resp. left) invariant vector field defined
by the right(resp. left)-translation of a tangent vector X at e.
The following lemma is useful (cf. [22], [29], [47] and [48]):
Lemma 2.3 Assume that
1→ N → G→ H → 1(4)
is a short exact sequence of Lie groups with a local smooth section7 j from a
neighborhood U ⊂ H of 1H into G, and N and H are regular. Then G is also
regular.
To end this section, we remark that the fundamental properties of principal
regular Lie group bundle (P,G) overM . Note that these properties are ordinary
properties for principal finite-dimensional Lie group bundles.
1. The parallel transformation is well defined.
2. The horizontal distribution H of a flat connection is integrable, i.e. there
exists an integral submanifold for H at each point.
3 Deformation Quantization
Mathematically the concept of quantization originated from H. Weyl [55], who
introduced a map from classical observables (functions on the phase space)
to quantum obsevables (operators on Hilbert space). The inverse map was
constructed by E. Wigner by interpreting functions (classical observables) as
symbols of operators. It is known that the exponent of the bidifferential operator
(Poisson bivector) coincides with the product formula of Weyl type symbol
calculus developed by L. Ho¨rmander who established the theory of pseudo-
differential operators and used them to study partial differential equations (cf.
[23] and [38]).
In the 1970s, supported by the mathematical developments above, Bayen,
Flato, Fronsdal, Lichnerowicz and Sternheimer [6] considered quantization as
a deformation of the usual commutative product of classical observables into
a noncommutative associative product which is parametrized by the Planck
constant ~ and satisfies the correspondence principle. Nowadays deformation
quantization, or moreprecisely, star product has gained support from geometri-
cians and mathematical physicists. In fact, it plays an important role to give
passage from Poisson algebras of classical observables to noncommutative as-
sociative algebras of quantum observables. In the approach above, the precise
definition of the space of quantum observables and star product is given in the
following way(cf. [6]):
7Remark that this does not give global splitting of the short exact sequence.
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Definition 3.1 A star product of Poisson manifold (M,π) is a product ∗ on
the space C∞(M)[[~]] of formal power series of parameter ~ with coefficients in
C∞(M), defined by
f ∗ g = fg + ~π1(f, g) + · · ·+ ~nπn(f, g) + · · · , ∀f, g ∈ C∞(M)[[~]]
satisfying
(a) ∗ is associative,
(b) π1(f, g) =
1
2
√−1{f, g},
(c) each πn (n ≥ 1) is a C[[~]]-bilinear and bidifferential operator,
where {, } is the Poisson bracket defined by the Poisson structure π.
A deformed algebra (resp. a deformed algebra structure) is called a star algebra
(resp. a star product). Note that on a symplectic vector space R2n, there exists
the “canonical” deformation quantization, the so-called Moyal product:
f ∗ g = f exp[ν
2
←
∂x ∧
→
∂y
]
g,
where f, g are smooth functions of a Darboux coordinate (x, y) on R2n and
ν = i~.
The existence and classification problems of star products have been solved
by succesive steps from special classes of symplectic manifolds to general Pois-
son manifolds. Because of its physical origin and motivation, the problems of
deformation quntization was first considered for symplectic manifolds, however,
the problem of deformation quantization is naturally formulated for the Poisson
manifolds as well. For example, Etingof and Kazhdan proved every Poisson-Lie
group can be quantized in the sense above, and investigated quantum groups as
deformation quantization of Poisson-Lie groups. After their works, for a while,
there were no specific developments for existence problems of deformation quan-
tization on any Poisson manifold. The situation drastically changed when M.
Kontsevich [20] proved his celebrated formality theorem. As a collorary, he
showed that deformation quantization exists on any Poisson manifold. (cf. [9],
[13], [20], [42], [45], [52] and [58]).
4 Weyl manifold and contact Weyl manifold over
a symplectic manifold
4.1 Definition of (contact) Weyl manifold
As mentioned in the introduction, by Omori-Maeda-Yoshioka, for a symplectic
manifold, the notion of Weyl manifold was introduced. Later, Yoshioka [58]
proposed the notion of contact Weyl manifold as a bridge joining the theory of
Weyl manifold and the Fedosov approach to quantization. In order to recall the
construction of a contact Weyl manifold, we have to give the precise definitions
of fundamental algebras.
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Definition 4.1 1. An associative algebra W is called a Weyl algebra if W is
formally generated by ν, Z1, . . . , Zn, Zn+1, . . . , Z2n satisfying the following
commutation relations:
[Zi, Zj ] = νΛij , [ν, Zi] = 0,(5)
where Λ =
[
0 −1n
1n 0
]
, and the product of this algebra is denoted by ∗.
This algebra has the canonical involution¯such that
a ∗ b = b¯ ∗ a¯, ν¯ = −ν, Z¯i = Zi.(6)
We also define the degree d by d(νlZα) = 2l + |α|.
2. A Lie algebra C is called a contact Weyl algebra if C = τC ⊕W with an
additional generator τ satisfying the following relations:
[τ, ν] = 2ν2, [τ, Zi] = νZi,(7)
and¯ is naturally extended by τ¯ = τ .
Remark that the relation (5) is nothing but the commutation relation of the
Moyal product, and called the canonical commutation relation. It is well known
that the ordering problem appears when we realize this algebra explicitly. In this
paper, we mainly use the Weyl ordering (the Moyal product). See Appendix 6.2,
for related topics.
Definition 4.2 1. A C[[ν]]-linear isomorphism Φ from W onto W is called
a ν-automorphism of Weyl algebra W if
(a) Φ(ν) = ν,
(b) Φ(a ∗ b) = Φ(a) ∗ Φ(b),
(c) Φ(a¯) = Φ(a).
2. A C[[ν]]-linear isomorphism Ψ from C onto C is called a ν-automorphism
of contact Weyl algebra C if
(a) Ψ is an algebra isomorphism,
(b) Ψ|W is a ν-automorphism of Weyl algebra.
In order to explain the construction of contact Weyl manifolds, it is useful to
recall how to construct prequantum line bundles, which play an crucial role
in the theory of Souriau-Kostant (geometric) quantization[57]. This bundle is
constructed in the following way: Let ω be an integral symplectic structure, then
we have d(θα) = (δω)α, d(fαβ) = (δθ)αβ , cαβγ = (δf)αβγ where U = {Uα} is a
good covering of a symplectic manifold (M,ω), fαβ (resp. θα) is a local function
(resp. a local 1-form) defined on an open set Uα∩Uβ (resp. Uα), d is the deRham
exterior differential operator, and δ is the Cˇech coboundary operator. Setting
hαβ = exp[2πifαβ], we see that
θα − θβ = 1
2πi
d log hαβ .(8)
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This equation ensures the exsistence of a line bundle defined by
L =
∐
(Uα ×C)/ hαβ∼ , ∇ξ(φα1α) = (ξφα + 2πiθα(ξ)φα)1α.(9)
This gives the desired bundle with a connection whose curvature equals ω.
Inspired by the idea above, Yoshioka proposed the notion of contact Weyl
manifold and obtained the fundamental results (cf. [58]). To state the precise
definition of contact Weyl manifold and theorems related to them, we recall the
definitions of Weyl continuation and locally modified contact Weyl diffeomor-
phism:
Definition 4.3 Set (X1, . . . , Xn, Y 1, . . . , Y n) := (Z1, . . . , Zn, Zn+1, . . . , Z2n)
(see Definition 4.1). Consider the trivial contact Weyl algebra bundle CU :=
U × C over a local Darboux chart (U ; (x, y)). A section
f# := f(x+X, y + Y ) =
∑
αβ
1
α!β!
∂αx ∂
β
y f(x, y)X
αY β ∈ Γ(CU )
determined by a local smooth function f ∈ C∞(U) is called a Weyl function,
and # : f 7→ f# is referred to as Weyl continuation. We denote by FU the set
of all Weyl functions on U .
A bundle map Φ : CU → CU is referred to as a locally modified contact Weyl
diffeomorphism if it is a fiberwise ν-automorphism of the contact Weyl algebra
and its pull-back preserves the set of all Weyl functions FU .
Definition 4.4 Let π : CM → M be a locally trivial bundle with a fiber being
isomorphic to the contact Weyl algebra over a symplectic manifold M . Take an
atlas {(Vα, ϕα)}α∈A of M such that ϕα : Vα → Uα ⊂ R2n gives a local Darboux
coordinate for every α ∈ A. Denote by Ψα : CVα → CUα a local trivialization
and by Ψαβ = ΨβΨ
−1
α : CUαβ → CUβα the glueing map, where CVα := π−1(Vα),
Uαβ := ϕα(Vα∩Vβ), Uβα := ϕβ(Vα ∩Vβ), CUαβ := Ψα(CVα |Vα∩Vβ ), etc. Under
the notations above,(
π : CM →M, {Ψα : CVα → CUα}α∈A
)
(10)
is called a contact Weyl manifold8 if the glueing maps Ψαβ are modified contact
Weyl diffeomorphisms.
8 LetWU be a trivial Weyl algebra bundle attached to a Darboux coordinate neighborhood.
A bundle map Φ : WU →WU is referred to as a local Weyl diffeomorphism if it is a fiberwise
ν-automorphism of the Weyl algebra and its pull-back preserves the set of all Weyl functions
FU . Originally, using the notion of local Weyl diffeomorphisms, Omori-Maeda-Yoshioka gave
the definition of Weyl manifold.
Definition 4.5 Let π : WM → M be a locally trivial bundle with a fiber being isomorphic
to the Weyl algebra over a symplectic manifold M . Take an atlas {(Vα, ϕα)}α∈A of M such
that ϕα : Vα → Uα ⊂ R2n gives a local Darboux coordinate for every α ∈ A. Denote
by Φα : WVα → WUα a local trivialization and by Φαβ = ΦβΦ
−1
α : WUαβ → WUβα the
glueing map, where WVα := π
−1(Vα), Uαβ := ϕα(Vα ∩ Vβ), Uβα := ϕβ(Vα ∩ Vβ), WUαβ :=
8
Theorem 4.6 Let (M,ω) be an arbitrary (not necessarily integral) symplectic
manifold. For any closed form ΩM (ν
2) = ω + ω2ν
2 + ω4ν
4 + · · ·, where ν =√−1~ is a formal parameter, there exists a contact Weyl manifold CM with a
connection ∇Q whose curvature equals ad[ 1
ν
ΩM (ν
2)], and the restriction of ∇Q
to WM is flat, where WM is the Weyl algebra bundle associated to M equipped
with the canonical fiber-wise product ∗ˆ.
This bundle CM is called a contact Weyl manifold equipped with a quantum
connection ∇Q. Yoshioka [58] also proved that the connection ∇Q|WM is essen-
tially the same as a Fedosov connection ∇W [13]. It is known (cf. [58] and [42])
that
Theorem 4.7 There is a bijection between the space of the isomorphism classes
of contact Weyl manifolds with quantum connections and [ω]+ν2H2dR(M)[[ν
2]],
which assigns a class [ΩM (ν
2)] = [ω + ω2ν
2 + · · ·] to a contact Weyl manifold
with quantum connection (CM →M, {Ψα},∇Q).
Proof It is already known that there is a bijection between the space of the
isomorphism classes of Weyl manifolds and [ω] + ν2H2dR(M)[[ν
2]] (cf. subsec-
tion 4.2). Generalizing straightly the proof of this result, we can prove Theo-
rem 4.7. 
The flatness of ∇Q|WM ensures the existence of a linear isomorphism # between
C∞(M)[[ν]] and FM the space of all parallel sections with respect to the quan-
tum connection restricted to WM . An element of FM is called a Weyl function.
Using this map #, we can recapture a star product in the following way:
f ∗ g = #−1(#(f)∗ˆ#(g)).(12)
Furthermore, it is known that the following (cf. [42], see also [8] and [15]):
Theorem 4.8 There is a bijection between the space of the equivalence classes
of star products and [ω] + ν2H2dR(M)[[ν
2]].
4.2 Poincare´-Cartan classes (Deligne relative classes)
We begin this subsection with the fundamental facts and definitions. Set τ˜U =
τ +
∑
ziωijZ
j where U ⊂ R2n is an open subset and ωijdzi ∧ dzj stands for
the symplectic structure. Then for any modified contact Weyl diffeomorphism,
we may set Ψ|∗CU (τ˜U ) = aτ˜U + F , where a ∈ C∞(U), F ∈ Γ(WU ), where WU is
a trivial bundle WU = U ×W . Furthermore it is known that the following (cf.
Lemma 2.21 in [58]).
Φα(WVα |Vα∩Vβ ), etc. Under the notations above,
(
π :WM → M, {Φα :WVα →WUα}α∈A
)
(11)
is called a Weyl manifold if the glueing maps Φαβ are local Weyl diffeomorphisms.
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Proposition 4.9 Let U be an open set in R2n, Ψ a modified contact Weyl
diffeomorphism and φ the induced map on the base manifold. Then the pullback
of τ˜φ(U) by Ψ can be written as
Ψ∗τ˜φ(U) = τ˜U + f# + a(ν2),(13)
for some Weyl functions f# := #(f) ∈ FU with f¯# = f# and a(ν2) ∈
C∞(U)[[ν2]].
Definition 4.10 A modified contact Weyl diffeomorphism Ψ is called a contact
Weyl diffeomorphism (CWD, for short) if
Ψ∗τ˜U ′ = τ˜U + f#.(14)
For a contact Weyl diffeomorphism, we obtain the following (see Corollary 2.5
in [42] and Proposition 2.24 in [58]).
Proposition 4.11 Assume that a map Ψ is a contact Weyl diffeomorphism.
1. If the diffeomorphism ϕ on the base map induced by Ψ is the identity, there
exists uniquely a Weyl function g#(ν2) such that
Ψ = exp[ad(
1
ν
g#(ν2))].
2. Ψ|WU = 1 if and only if there exists an element c(ν2) ∈ R[[ν2]] such that
Ψ = exp[
1
ν
ad(c(ν2))].
From this proposition, we can define the Poincare´-Cartan class in the follow-
ing way ([42]). Assume that WM = {(WUα ,Φαβ)} is a Weyl manifold. Then
ΦαβΦβγΦγα is the identity on each WUαβγ . According to 2 of Proposition 4.11,
we have
ΦαβΦβγΦγα = exp[
1
ν
(cαβγ(ν
2))], (∃cαβγ(ν2) ∈ R[[ν2]]).
We can show that {cαβγ} is a Cˇech 2-cocycle, and then it defines a Cˇech 2-class.
Definition 4.12 We refer to this cocycle (resp. class) as the Poincare´-Cartan
cocycle (resp. class) and denote it by {cαβγ} (resp. c(WM )).
For the Poincare´-Cartan class we have the following.
Theorem 4.13 For any c = c(0) +
∑∞
i=1 c
(2i)ν2i (c(2i) ∈ Hˇ2(M ;R)) such that
[c(0)] corresponds to the class of symplectic 2-form, there exists a family of con-
tact Weyl diffeomorphisms {Ψαβ : CUαβ → CUβα}, such that Ψαβγ |WUαβγ = 1,
where Ψαβγ := ΨαβΨβγΨγα, and {cαβγ(ν2)} defines a Cˇech 2 cohomology class
which coincides with c. Moreover there is one to one correspondence between
the set PC(M) of Poincare´-Cartan classes and the set W(M) of isomorphism
classes of Weyl manifolds.
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Proof The proof is already known in [42], but we here give an outline of it
for readers. First we show that for any cocycle {cαβγ(ν2)}, there exists a Weyl
manifold such that c(WM ) = [cαβγ(ν
2)]. Suppse that c =
∑
k≥0 ν
2kc(2k) ∈
Hˇ2(M)[[ν2]] is given. According to the existence theorem of Weyl manifold in
[45], we may start with a Weyl manifold W
(0)
M with a Poincare´-Cartan cocycle
{c(0)αβγ}, and changing patching Weyl diffeomorphisms we construct a Weyl man-
ifold with a Poincare´-Cartan class c. Let Φ∗αβ : F(WUαβ ) → F(WUβα) be the
glueing Weyl diffeomorphism of W
(0)
M and let Ψ
∗
αβ be its extension as a contact
Weyl diffeomorphism. Let {c(2k)αβγ} be a Cˇech cocycle belonging to c(2k). Since
the sheaf cohomology H2(M ; E) of the sheaf of germs C∞-functions E, there is
h
(2)
αβ ∈ C∞(Uαβ) on each Uαβ such that
−c(2)αβγ = h(2)αβ + ϕ∗h(2)βγ + ϕ∗αγh(2)γα.(15)
Replace Ψ∗αβ by Ψ˙
∗
αβ = Ψ
∗
αβe
ad(νh˜βα) as glueing diffeomorphism for each Vα ∩
Vβ 6= φ. Then according to the formula Ψ∗αβead(h) = ead(Ψ
∗
αβh)Ψ∗αβ for h ∈
F(WUαβ ), we see
Φ˙∗αβΦ˙
∗
βγΨ˙
∗
γα = Ψ
∗
αβΨ
∗
βγΨ
∗
γαe
ad(νΨ∗αβh˜βα)ead(νΨ
∗
αγ h˜γβ)ead(νΨ
∗
ααh˜αγ),
where we set h˜αβ = (h
(2)
αβ)
# + ν2r#αβ for a function rαβ ∈ C∞(Uαβ)[[ν2]]. By
(15), we have
ead(νΨ
∗
αβh˜βα)ead(νΨ
∗
αγ h˜γβ)ead(νΨ
∗
ααh˜αγ) = eν
2c
(2)
αβγ
ad(ν−1) mod ν4.(16)
By working on the term ν4, ν6, · · ·, we can tune up rαβby recursively, so that
ead(νΨ
∗
αβ h˜βα)ead(νΨ
∗
αγ h˜γβ)ead(νΨ
∗
ααh˜αγ) = eν
2c
(2)
αβγ
ad(ν−1) .(17)
It follows that {Ψ˙∗αβ} defines a Weyl manifold W˙M with the Poincare´-Cartan
class c(0) + ν2c(2). Repeating a similar argument as above, we can replace the
condition mod ν4 in (16) by mod ν6. Iterating this procedure, we have a Weyl
manifold WM such that c(WM ) = c ∈ Hˇ(M)[[ν2]].
Next we would like to show that the above construction does not depend on the
cocycle chosen. Let {cαβγ}, {c′αβγ} be Poincare´-Cartan cocycles of {CU}, {C′U}
respectively, which give same Poincare´-Cartan classes. Then, there exists bαβ ∈
R[[ν2]] on every Vα ∩ Vβ 6= φ such that bαβ = −bβα and c′αβγ − cαβγ = bαβ +
bβγ + bγα. Note that bβγ may be replaced by bβγ + cβγ such that cαβ + cβγ +
cγα = 0. Since e
bαβad(ν
−1) is an automorphism, we can replace Ψαβ by Ψ´αβ =
Ψαβe
bαβad(ν
−1). Since ebαβad(ν
−1) is the identity on F(WUαβ ), this replacement
does not change the isomorphism class of F(WM ), but it changes the Poincare´-
Cartan cocycle from {cαβγ} to {c′αβγ}. This means that the map from the set
of Poincare´-Cartan cocycles into the set WM of isomorphism classes of Weyl
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manifolds induces a map F from the set PCM of Poincare´-Cartan classes into
WM .
Next we construct the inverse map Ψ : W ′M → WM which induces the iden-
tity on the base manifold. Equivalently Ψ∗ defines an algebra isomorphism of
F(WM ) onto F(W ′M ). The isomorphism is given by a family {Ψ∗α} of isomor-
phisms:
Ψ∗α : F(WUα)→ F(W ′Uα),
each of which induces the identity map on the base space Uα such that
Ψ∗αΨ
∗
αβΨ
∗−1
β = Ψ´
∗
αβ .(18)
If we extend Ψ∗α to a contact Weyl diffeomorphism (cf. subsection 5.3), then
the above replacement makes no change of Poincare´-Cartan cocycle. We use
the same notation Ψ∗α for this contact Weyl diffeomorphism. By (18), and
Proposition 4.11, we have
Ψ∗αΨ
∗
αβΨ
∗−1
β e
bαβad(ν
−1) = Ψ´∗αβ .(19)
on a contact Weyl algebra bundle. However this type of replacement changes
the Poincare´-Cartan cocycle within the same cohomology class. This means
that there is a map from WM into PCM , and which is obviously the inverse
map of F . 
As mentioned in subsection 4.1, there exists a contact Weyl algebra bundle
with a connection ∇Q such that its first Chern class coincides with Poincare´-
Cartan class (cf. [58]). Then ∇Q|WM gives a flat connection onWM and there is
a one to one correspondence σ between the space of parallel sections with respect
to ∇|WM and C∞(M)[[~]]. Combining this map with fiberwise star product, we
can define a star product: f ∗ g = σ(σ−1(f)∗fiberwiseσ−1(g)). Hence we obtain
Theorem 4.8.
5 A Lie group structure of Aut(M, ∗)
5.1 Fundamental definitions and representatives
With the preliminaries in the previous section, we give the precise definition of
Aut(M, ∗):
Definition 5.1
Aut(M, ∗) = {Ψ : CM → CM| fiber-wise ν-automorphism,Ψ∗(FM ) = FM},(20)
Aut(M, ∗) = {Ψ ∈ Aut(M, ∗)|Ψ induces the base identity map. }.(21)
An element of Aut(M, ∗) is called a modified contact Weyl diffeomorphism (an
MCWD for short).
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To illustrate automorphisms of a contact Weyl manifold, we consider the au-
tomorphisms of a contact Weyl algebra. For any real symplectic matrix A ∈
Sp(n,R), set a ν-automorphism of C by AˆZi =
∑
aijZ
j and Aˆν = ν. Then
we easily have Aˆ([a, b]) = [Aˆa, Aˆb]. Conversely, combining the Baker-Campbell-
Hausdorff formula with the Poincare´ lemma, we have the following.
Proposition 5.2 ([58]) If Ψ is a ν-automorphism of contact Weyl algebra,
there exists uniquely
A ∈ Sp(n,R),
F ∈ {a =∑2ℓ+|α|≥3,|α|>0 aℓανℓZα},
c(ν2) =
∑∞
i=0 c2iν
2i ∈ R[[ν2]],
such that Φ = Aˆ ◦ ead( 1ν (c(ν2)+F )), where AˆZi =∑ aijZj and Aˆν = ν.
Remark This ν-automorphism can be seen as a “linear” example appearing in
the simplest model of contact Weyl manifolds.
Proof The proof of this result was given by Yoshioka [58], however we recall
it because of its importance.
Let m be a unique maximal ideal defined by
m =
{
a =
∑
2ℓ+|α|≥1,
aℓαν
ℓZα
}
.
Then we see Φ(m) ⊂ m, so we have
Φ(Zi) =
∑
aijZ
j +O(2),(22)
where O(2) is the collection of the terms degree ≥ 2. Applying (22) to the
canonical commutation relation [Zi, Zj ] = νΛij , we see A ∈ Sp(n,R) and then
we may write
Aˆ−1 ◦ Φ(Zi) = Zi + gi(2) +O(3),(23)
where gi(2) is the term of homogeneous degree 2. Applying (23) to the canonical
commutation relation again, we have
ν∂i+ng
j
(2) = νΛ
il∂lg
j
(2) = [Z
i, gj(2)] = [Z
j, gi(2)](24)
= νΛjk∂kg
j
(2) = ν∂j+ng
i
(2).
This is equivalent to
d(
∑
j
gj(2)dz
j+n +
∑
i
gi(2)dz
i+n) = 0.(25)
According to the Poincare´ lemma, there exists uniquely F(3) ∈W with homoge-
neous degree 3 such that 1
ν
[Zi, F(3)] = g
i
(2). Therefore we have
Aˆ−1 ◦ Φ(Zi) = ead( 1νF(3))(Zi) +O(3),(26)
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where O(3) is the collection of the terms whose degree ≥ 3. Repeating the above
procedure, we obtain that
Aˆ−1 ◦ Φ(Zi) = ead( 1νF(3)) ◦ · · · ◦ ead( 1νF(k))(Zi) +O(k),(27)
where O(k) is the collection of the terms whose degree ≥ k. By the Baker-
Campbell-Hausudorff formula9, we have
Aˆ−1 ◦ Φ(Zi) = ead( 1ν F )(Zi).(28)
The uniqueness is inductively verified. Thanks to the argument above, we may
assume that Ψ|W = Aˆ ◦ ead( 1νF ). Set
Φ˜(X) = (Aˆ ◦ ead( 1νF ))−1Ψ(X).(29)
Applying (29) to [τ, Zi] = νZi, we have
Ψ˜(τ) = τ + b(ν2)(30)
for some b(ν2) = b0 + b2ν
2 + · · · , b2k ∈ R. Put c(ν2) =
∑
ν2k b2k2(1−2k) , then
we see
ead(
1
ν
c(ν2))τ = τ + b(ν2),(31)
ead(
1
ν
c(ν2))Zi = Zi.(32)
Then we have
Ψ = Aˆ ◦ ead( 1ν (c(ν2)+F )).(33)
Thus, we see the consequence. 
Next we study the basic properties of a modified contact Weyl diffeomor-
phism. We recall the fundamental definitions and facts for readers again. Set
τ˜U = τ +
∑
ziωijZ
j where U ⊂ R2n is an open subset and ωijdzi ∧ dzj stands
for the symplectic structure. Then for any modified contact Weyl diffeomor-
phism, we may set Ψ|∗CU (τ˜U ) = aτ˜U +F , where a ∈ C∞(U), F ∈ Γ(WU ), where
WU is a trivial bundle WU = U ×W . Under the notations above, as mentioned
before, we have Proposition 4.9. As mentioned in Definition 4.10, a modified
contact Weyl diffeomorphism Ψ is called a contact Weyl diffeomorphism (CWD,
for short) if
Ψ∗τ˜U ′ = τ˜U + f#.(34)
For a contact Weyl diffeomorphism, we obtain the following (see Corollary 2.5
in [42] and Proposition 2.24 in [58]).
Proposition 5.3 1. Suppose that Ψ : CU → CU is a contact Weyl diffeo-
morphism which induces the identity map on the base space. Then, there
exists uniquely a Weyl function f#(ν2) of the form
f# = f0 + ν
2f#+ (ν
2) (f0 ∈ R, f+(ν2) ∈ C∞(U)[[ν2]]),(35)
such that Ψ = ead
1
ν
{f0+ν2f#+ (ν2)}.
9See (43).
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2. If Ψ induces the identity map on WU , then there exists a unique element
c(ν2) ∈ R[[ν2]] with c(ν2) = c(ν2), such that 10 Ψ = ead 1ν c(ν2).
Combining Propositions 4.9 and 5.3, for some g(ν2), we see that
Ψ ◦ ead( 1ν g(ν2)) = ead( 1ν f#(ν2)),
where f#(ν) is a Weyl function with the form
f#(ν2) = f0 + ν
2f#+ (ν
2) (f0 ∈ R, f+(ν2) ∈ C∞(U)[[ν]]).
Thus we obtain
Ψ = ead(
1
ν
(g(ν2)+f#(ν2))).
The following is easily verified.
Proposition 5.4 Suppose that f(ν2), a(ν2) ∈ C∞(U)[[ν2]]. If
ν2f#(ν) = g(ν2),(36)
then we have g0 = 0 and f(ν
2) =
∑
i≥0 giν
2i ∈ R[[ν2]]ν2.
Proof The right hand side of (36) has no term containing a factor XαY β (|α|+
|β| ≥ 1). Hence ∂αX∂βY f = 0 (|α| + |β| ≥ 1). Then we see f =
∑
ciν
2i. Thus,
ν2
∑
ciν
2i =
∑
giν
2i and g0 = 0. 
Using the above proposition, we have
Proposition 5.5 If
ead(
1
ν
{g+ν2f#}) = ead(
1
ν
{g′+ν2f ′#}),(37)
then we have
{g + ν2f#} = {g′ + ν2f ′#}(38)
and
ν2(f − f ′) = g′ − g ∈ ν2R[[ν2]].(39)
Proof Applying ead(
1
ν
g) to the both hand side, we have
ead(
1
ν
{νf#}) = ead(
1
ν
{−g+g′+νf ′#}),(40)
and this implies that the left hand side of the above equality is a contact Weyl
diffeomorphism. Then by uniqueness in Proposition 5.3 and Proposition 5.4, we
see the consequence. 
10Note that this does not induce the identity on the whole of CU . In [58], a notion of
modified contact Weyl diffeomorphism is introduced to make a contact Weyl algebra bundle
{CUα ,Ψαβ} by adapting the glueing maps to satisfy the cocycle condition and patching
together them.
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We have
Proposition 5.6 For any modified contact Weyl diffeomorphism Ψ : CU → CU
which induces the identity map on the base space, there exists a Weyl function
f#(ν2) of the form
f#(ν2) = f0 + ν
2f#+ (ν
2) (f0 ∈ R, f+(ν2) ∈ C∞(U)[[ν2]]),(41)
and smooth function g(ν2) ∈ C∞(U)[[ν2]] such that Ψ = ead( 1ν {g(ν2)+f#(ν2)}).
Remark Please compare this result with Proposition 5.2.
Furthermore, we have
Proposition 5.7 Let ΨUα (resp. ΨUβ ) be a modified contact Weyl diffeomor-
phism on CUα (resp. CUβ ) inducing the identity map on the base manifold.
Suppose that
ΨUα |CUαβ = ΨUβ |CUβα ,
where Uαβ := ϕα(Vα∩Vβ), Uβα := ϕβ(Vα∩Vβ), CUαβ := Ψα(CVα |Vα∩Vβ ) etc11.
Then
Ψ−1,∗αβ
(
(gα(ν
2) + ν2f#α (ν
2))|Uαβ
)
= (gβ(ν
2) + ν2f#β (ν
2))|Uαβ .(42)
Thus, patching {gU + ν2f#U } together we can make a global function g+ ν2f# ∈
C∞(M)[[ν2]] + ν2C∞(M)#[[ν2]]. Hence there is a bijection between Aut(M, ∗)
and C∞(M)[[ν2]] + ν2C∞(M)#[[ν2]].
The propostions mentioned above implicate that the space
Cc(M) = C
∞
c (M)[[ν
2]] + ν2C∞c (M)
#[[ν2]]
is a candidate of the model space of Aut(M, ∗). In fact, the Baker-Campbell-
Hausdorff formula shows the smoothness of group operations. Therefore we
have the following:
Theorem 5.8 Aut(M, ∗) is a Lie group modeled on Cc(M).
Proof The smoothness of group operations is ensured by the following formula:
Put Hi(ν
2) = gi(ν
2) + ν2f#i (ν
2) (i = 1, 2).
ead(
1
ν
H1(ν
2)) ◦ ead( 1νH2(ν2))(43)
= ead[
1
ν
{(H1(ν2)+H2(ν2))+···+Bm(H1(ν2),H2(ν2))+···}],
where Bm means the general term of the Baker-Campbell-Hausdorff formula
12.{
ead(
1
ν
H1(ν
2))
}−1
= ead(
−1
ν
H1(ν
2)).(44)
This completes the proof. 
11See also Definition 4.4.
12More precisely Bm is given by the following way:
Bm(
1
ν
H1(ν2),
1
ν
H2(ν2))
=(−1)
m−1
m
∑ ad( 1
ν
H1(ν
2))p1ad( 1
ν
H2(ν
2))q1 ···ad( 1
ν
H1(ν
2))pmad( 1
ν
H2(ν
2))qm−1 1
ν
H2(ν
2)
p1!q1!···pm!qm!(p1+q1+···+pm+qm)
.
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As to Cc(M), we have
Lemma 5.9 The space
Cc(M) = ind lim
K:compact
(
C∞K (M)[[ν
2]] + ν2C∞K (M)
#[[ν2]]
)
is Mackey complete, where C∞K (M) is the space equipped with the standard locally
convex topology.
Proof Remark that C∞(M,N) is a smooth manifold modeled on a Mackey
complete locally convex space C∞c (M ← f∗TN), where M and N are finite-
dimensional manifolds. Since limits, direct sums and inductive limits preserve
Mackey completeness, Cc(M) is also a Mackey complete locally convex space. 
In general, we can show the followings.
Lemma 5.10 If (E, ⋆, || · ||ρ) is a Mackey complete locally convex space with
a quasi multiplicative13 binary operation ⋆, that is,
||f ⋆ g||ρ ≤ Cρ||f ||ρ · ||g||ρ,(45)
for some positive number Cρ, then
∑∞
n=0
f⋆···⋆f
n! converges. Set e
f
⋆ =
∑∞
n=0
f⋆···⋆f
n!
Then we have
||ef⋆ ||ρ ≤
∑ Cn−1ρ ||f ||ρn
n!
.(46)
Proof By the assumtion, we have
||f ⋆ · · · ⋆ f ||ρ ≤ Cρ||f ||ρ · · · ||f ⋆ · · · ⋆ f ||ρ(47)
≤ Cn−2ρ ||f ||n−2ρ ||f ⋆ f ||ρ
≤ Cn−1ρ ||f ||nρ .
Hence we see that
{∑ℓ
n=0
f⋆···⋆f
n!
}∞
n=1
is a Mackey-Cauchy sequence. Set B ={∑ℓ
n=0
f⋆···⋆f
n!
}∞
ℓ=0
. Then by the Mackey completeness, EB is complete. Hence
there exists uniquely an element denoted by ef⋆ =
∑∞
n=0
f⋆···⋆f
n! such that
ℓ∑
n=0
f ⋆ · · · ⋆ f
n!
→ ef⋆ ∈ EB ⊂ E,
and we also have
||
∞∑
n=0
f ⋆ · · · ⋆ f
n!
||ρ ≤
∞∑
n=0
Cn−1ρ ||f ||nρ
n!
.

13 The assumption (45) can be replaced by ||f ⋆ g||ρ ≤ Cρ||f ||ρ · ||g||ρˆ.
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Lemma 5.11 Let (E, ⋆, || · ||ρ) be a Mackey complete locally convex space with
a quasi multiplicative binary operation. Then for any smooth curve X(t) in E,
the product integral∏
e
X(t)dt
⋆ = lim
n→∞
e
X(tn)∆tn
⋆ ⋆ · · · ⋆ eX(ti)∆ti⋆ ⋆ · · · ⋆ eX(t0)∆t0⋆(48)
exists.
Proof For I = [t0, tn], set ∆ : t0 < · · · < ti < · · · tn, ∆ti := ti+1 − ti, and
mesh(∆) := max{∆t0, . . . ,∆ti, . . . ,∆tn−1}. We have to show
e
X(tn)∆tn
⋆ ⋆ · · · ⋆ eX(ti)∆ti⋆ ⋆ · · · ⋆ eX(t0)∆t0⋆
is a Mackey-Cauchy net. A direct computation gives the following estimation:∣∣∣∣∣∣eX(tn−1)∆tn−1⋆ ⋆ · · · ⋆ eX(ti)∆ti⋆ ⋆ · · · ⋆ eX(t0)∆t0⋆(49)
−eX(t0)∆tn−1⋆ ⋆ · · · ⋆ eX(t0)∆ti⋆ ⋆ · · · ⋆ eX(t0)∆t0⋆
∣∣∣∣∣∣
ρ
=
∣∣∣∣∣∣ n−1∑
i=0
(
e
X(t0)∆tn−1
⋆ ⋆ · · · ⋆ eX(t0)∆ti+1⋆ eX(t0)∆ti⋆ eX(ti−1)∆ti−1⋆ ⋆ · · · ⋆ eX(t0)∆t0⋆
−eX(t0)∆tn−1⋆ ⋆ · · · ⋆ eX(t0)∆ti+1⋆ eX(ti)∆ti⋆ eX(ti−1)∆ti−1⋆ ⋆ · · · ⋆ eX(t0)∆t0⋆
)∣∣∣∣∣∣
ρ
≤
∣∣∣∣∣∣ n−1∑
i=0
(
e
X(t0)∆tn−1
⋆ ⋆ · · · ⋆ eX(t0)∆ti+1⋆ ⋆
(e
X(t0)∆ti
⋆ − eX(ti)∆ti⋆ ) ⋆ eX(ti−1)∆ti−1⋆ ⋆ · · · ⋆ eX(t0)∆t0⋆
)∣∣∣∣∣∣
ρ
≤
n−1∑
k=0
esupt∈I=[t0,tn ] ||X(t)||ρ∆tn−1 × · · · ×
· · · ×
∣∣∣∣∣∣esupt∈I=[t0,tn]X(t0)∆tk − esupt∈I=[t0,tn ]X(tk)∆tk ∣∣∣∣∣∣
ρ
× · · ·
× · · · × esupt∈I=[t0,tn] ||X(t)||ρ∆t0
≤
n−1∑
k=0
∣∣∣∣∣∣X(tk)−X(t0)∣∣∣∣∣∣
ρ
|∆tk|esupt∈I ||X(t)||ρ
≤ |I|2 sup
t∈I
||X ′(t)||ρe|I| supt∈I ||X(t)||ρ.
in the last inequality, we used (46). Let ∆ : a = s0 < · · · < sℓ < · · · < sm = b
be a division of [a, b] and ∆(ℓ) : sℓ = t
(ℓ)
0 < · · · < t(ℓ)i < · · · t(ℓ)n(ℓ) = sℓ+1 a
subdivision of ∆. Then∣∣∣∣∣∣eX(sm−1)∆sm−1⋆ ⋆ · · · ⋆ eX(si)∆si⋆ ⋆ · · · ⋆ eX(s0)∆s0⋆
−
(
e
X(t
(m−1)
nm−1−1)∆t
(m−1)
nm−1−1
⋆ ⋆ · · · ⋆ eX(t
(m−1)
i )∆t
(m−1)
i
⋆ ⋆ · · · ⋆ eX(t
(m−1)
0 )∆t
(m−1)
0
⋆
)
⋆ · · · ⋆
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⋆ · · · ⋆
(
e
X(t
(ℓ)
nℓ−1
)∆t
(ℓ)
nℓ−1
⋆ ⋆ · · · ⋆ eX(t
(ℓ)
i )∆t
(ℓ)
i
⋆ ⋆ · · · ⋆ eX(t
(ℓ)
0 )∆t
(ℓ)
0
⋆
)
⋆ · · · ⋆
⋆ · · · ⋆
(
e
X(t
(0)
n0−1)∆t
(0)
n0−1
⋆ ⋆ · · · ⋆ eX(ti)
(0)∆t
(0)
i
⋆ ⋆ · · · ⋆ eX(t0)
(0)∆t
(0)
0
⋆
)∣∣∣∣∣∣
ρ
≤
m−1∑
ℓ=0
∣∣∣∣∣∣eX(sm−1)∆sm−1⋆ ⋆ · · · ⋆
⋆ · · · ⋆
(
e
X(sℓ)∆sℓ
⋆ −
(
e
X(t
(ℓ)
nℓ−1
)∆t
(ℓ)
nℓ−1
⋆ ⋆ · · · ⋆ eX(t
(ℓ)
i )∆t
(ℓ)
i
⋆ ⋆ · · · ⋆ eX(t
(ℓ)
0 )∆t
(ℓ)
0
⋆
))
⋆ · · · ⋆
⋆ · · · ⋆
(
e
X(t
(0)
n0−1)∆t
(0)
n0−1
⋆ ⋆ · · · ⋆ eX(t
(0)
i )∆t
(0)
i
⋆ ⋆ · · · ⋆ eX(t
(0)
0 )∆t
(0)
0
⋆
)∣∣∣∣∣∣
ρ
(∗)
≤
m−1∑
ℓ=0
e(sups∈[a,b] ||X(s)||ρ)∆sm−1 · · ·
· · · |∆sℓ|2( sup
s∈[a,b]
||X ′(s)||ρ)e(sups∈[a,b] ||X(s)||ρ)∆sℓ · · · e(sups∈[a,b] ||X(s)||ρ)∆s0
≤ ( sup
s∈[a,b]
||X ′(s)||ρ)(b − a)max
ℓ
|∆sℓ|e(sups∈[a,b] ||X(s)||ρ)(b−a).
In the estimation (∗), we used (49). This implies that
{eX(sm)∆sm⋆ ⋆ · · · ⋆ eX(sℓ)∆sℓ⋆ ⋆ · · · ⋆ eX(s0)∆s0⋆ }∆
is a Mackey-Cauchy net. 
Before stating the next lemma, we recall the precise definition of seminorms
which we use. The seminorms of C∞c (M)
#[[ν2]] are defined by:
∣∣∣∣ ∞∑
l=0
νℓfℓ
∣∣∣∣
i,K
:=
∑
|α|+2ℓ≤i
∑
p∈K
|∂αz fℓ(p)|, (i ∈ N)(50)
where K is a compact subset of M. Then we have the following.
Lemma 5.12 Set f(ν) =
∑
k∈N fkν
k and g(ν) =
∑
ℓ∈N fℓν
ℓ.∣∣∣∣f(ν) ∗ g(ν)∣∣∣∣
i,K
≤ Ci,K
∣∣∣∣f(ν)∣∣∣∣
i,K
∣∣∣∣g(ν)∣∣∣∣
i,K
.(51)
Proof We may assume that K is a subset of a Darboux chart (U ; (x, ξ)).∣∣∣∣f(ν) ∗ g(ν)∣∣∣∣
i,K
(52)
=
∣∣∣∣∣∣f(ν)e ν2 ←∂x∧→∂ξg(ν)∣∣∣∣∣∣
i,K
=
∑
αβ
∣∣∣∣∣∣( ν2 )k+ℓ+|α+β|
α!β!
∂αx ∂
β
ξ f · ∂βx (−∂ξ)αg
∣∣∣∣∣∣
i,K
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=
∑
2k+2ℓ+2|α|+2|β|+|γ|+|δ|≤i
sup
K
∣∣∣∣∣
(
1
2
)|α+β|
α!β!
∂γx∂
δ
ξ (∂
α
x ∂
β
ξ fk · ∂βx (−∂ξ)αgℓ)
∣∣∣∣∣
=
∑
2k+2ℓ+2|α|+2|β|+|γ|+|δ|≤i
∣∣∣ ( 12)|α+β|
α!β!
∑
ζ,η
γCζδCη
×(∂α+ζx ∂β+ηξ fk · ∂β+(γ−ζ)x (−∂ξ)α+(δ−η)gℓ)∣∣∣
≤
∑
2k+2ℓ+2|α|+2|β|+|γ|+|δ|≤i
(
1
2
)|α+β|
α!β!
∑
ζ,η
γCζδCη||f ||i,K · ||g||i,K .
In the last estimation, we used the followings.
|α|+ |ζ|+ |β|+ |η|+ k ≤ 2|α|+ |γ|+ 2|β|+ |δ|+ 2k + 2ℓ,
|α|+ |γ − ζ|+ |β|+ |δ − η|+ ℓ ≤ 2|α|+ |γ|+ 2|β|+ |δ|+ 2k + 2ℓ.

Using this lemma, we easily have
Lemma 5.13 For any elements, Hi(ν
2) = gi(ν
2) + ν2f#i (ν
2) ∈ Cc(M) =
C∞c (M)[[ν
2]] + ν2C∞c (M)
#[[ν2]] (i = 1, 2), define a product in the following
way.
(
1
ν
H1(ν
2)) ⋆ (
1
ν
H2(ν
2))(53)
=
1
ν
{(H1(ν2) +H2(ν2)) + · · ·+Bm(H1(ν2), H2(ν2)) + · · ·},
where Bm denotes the general term of the Baker-Campbell-Hausdorff formula.
Then Aut(∗) ∼= (Cc(M), ⋆) as a Mackey complete locally convex space with a
quasi multiplicative binary operation.
Making use of Lemmas 5.9, 5.10 and 5.13, we can show the exsistence of
solution for the equation (2) when G = Aut(M, ∗) in Definition 2.2 ( cf. [30]
and [34]). Then we see that smooth curves in the Lie algebra integrate to smooth
curves in the Lie group in a smooth way. Thus we have
Theorem 5.14 Aut(M, ∗) is a regular Lie group modeled on Cc(M).
5.2 Lifts as modified contact Weyl diffeomorphisms
As will be seen in the next proposition, general modified contact Weyl diffeo-
morphims are closely related to symplectic diffeomorphisms.
Proposition 5.15 For any modified contact Weyl diffeomorphism Ψ, it induces
a symplectic diffeomorphism on the base symplectic manifold. Moreover, there
exists a group homomorphism p from Aut(M, ∗) into Diff(M,ω).
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Conversely, we consider the following problem:
Problem For any globally defined symplectic diffeomorphism φ : M →M , does
there exist a globally defined modified contact Weyl diffeomorphism (referred to
as a MCW-lift) φˆ which induces φ ?.
To solve the problem above, we need several notations. Let (M,ω) be a sym-
plectic manifold and WM the Weyl algebra bundle over (M,ω). Set
∇symp := the canonical extention of symplectic connection to WM ,(54)
δ := ad(
1
ν
ωijdz
iZj),(55)
∇W := ∇|WM = ∇symp − δ + ad(
1
ν
γ) : a Fedosov connection,(56)
φ : M →M : a symplectic diffeomorphism,(57)
∇˜W := ∇symp + ad( 1
ν
φ−1∗G), ( where G := ωijdziZj + γ),(58)
{i;D; j}(F
ν
)
:=
((
ad(
F
ν
)
)i◦ad(D(F
ν
)
) ◦ (ad(F
ν
)
)j)
.(59)
Here we remark that for any symplectic diffeomorphism φ onM and any section
σ ∈ WM , the pull-back φ∗(σ) is naturally extended in the following way.
φ∗(σ(z, ν, dz)) = σ(φ∗(z), ν, φ∗(dz)).(60)
In order to construct a lift of a symplectic diffeomorphism, we need several
formulas.
Lemma 5.16 Under the notations above,
∇W ◦ φ∗(σ(z, ν, dz)) = φ∗ ◦ (∇W )− φ∗◦
(
ad(
1
ν
Gz − 1
ν
φ−1∗(G)|z)
)
.(61)
Proof By a direct computation, we have
∇W ◦ φ∗(σ(z, ν, dz))(62)
=
({∇symp + ad( 1
ν
Gy)
} ◦ φ∗)σ(z, ν, dz)
=
(∇symp ◦ φ∗)σ(z, ν, dz)
+ad(
1
ν
Gy)φ
∗(σ)(y, ν, dy)
symp. conn.
=
(
φ∗ ◦ ∇symp)σ(z, ν, dz)
+ad(
1
ν
Gy)φ
∗(σ)(y, ν, dy)
=
(
φ∗ ◦ ∇symp)σ(z, ν, dz)
+φ∗
(
ad(
1
ν
(φ−1∗Gy)|z)σ(z, ν, dz)
)
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= (φ∗ ◦ (∇symp + ad( 1
ν
Gz)))σ(z, ν, dz)
−φ∗ ◦ ad( 1
ν
Gz)σ(z, ν, dz)
+φ∗
(
ad(
1
ν
(φ−1∗Gy)|z)σ(z, ν, dz)
)
= (φ∗ ◦ ∇W )σ(z, ν, dz)
−φ∗◦
(
ad(
1
ν
Gz)σ(z, ν, dz)− ad( 1
ν
(φ−1∗Gy)|z)
)
σ(z, ν, dz).
Then we obtain the desired formula. 
According to the lemma above, we have
Lemma 5.17 Under the same notations above, for n > 0,
∇W ◦ (adF
ν
)n =
∑
i+j=n−1
(ad
F
ν
)i ◦ ad(∇W F
ν
) ◦ ad(F
ν
)j + (ad
F
ν
)n ◦ ∇W .
Proof First, we can easily verify that
∇W ◦ (adF
ν
)σ = ∇W [F
ν
, σ]
alg.conn.
= [∇W F
ν
, σ] + [
F
ν
,∇Wσ],
for any section σ ∈ Γ(WM ). By using induction on n, we see that
∇W ◦ (adF
ν
)nσ =
∑
i+j=k−1
(ad
F
ν
)i ◦ ad(∇W F
ν
) ◦ ad(F
ν
)jσ + (ad
F
ν
)k ◦ ∇Wσ.
This completes the proof. 
We also have
Lemma 5.18 Set {i;∇W ; j} = (adF
ν
)i ◦ ad(∇W F
ν
) ◦ (adF
ν
)j following (59).
Then
∇W ◦ exp[ad(F
ν
)]=exp[ad(
F
ν
)] ◦ ∇W+
∞∑
k=1
1
k!
( ∑
i+j=k−1
{i;∇W ; j}(F
ν
)
)
.(63)
Proof By a direct computation, we see that
∇W ◦ exp[adF
ν
]
= ∇W ◦
∞∑
k=0
1
k!
(ad
F
ν
)k
=
∞∑
k=1
1
k!
( ∑
i+j=k−1
(ad
F
ν
)i ◦ (ad(∇W F
ν
)) ◦ (adF
ν
)j
)
+ (ad
F
ν
)k ◦ ∇W .
Thus we obtain the desired formula. 
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Thanks to the lemmas above, we obtain the following.
Theorem 5.19 Under the same notations,
∇W ◦ φ∗ ◦ exp[ad(F
ν
)] = φ∗ ◦ exp[ad(F
ν
)] ◦ ∇W + φ∗
∞∑
k=1
∑
i+j=k−1
{i; ∇˜W ; j}(F
ν
)
−φ∗
(
exp[ad(
F
ν
)]
( 1
ν
(Gz − φ−1∗(Gy)z)
))
.
Proof A direct computation with formulas (61) and (63) gives
∇W ◦ φ∗ ◦ exp[ad(F
ν
)]
(61)
=
{
φ∗ ◦ ∇W − φ∗ ◦ ad( 1
ν
(Gz − φ−1∗(Gy)z))
} ◦ exp[ad(F
ν
)]
= φ∗ ◦ ∇W ◦ exp[ad(F
ν
)]− φ∗ ◦ ad( 1
ν
(Gz − φ−1∗(Gy)z)) ◦ exp[ad(F
ν
)]
(63)
= φ∗ ◦ exp[ad(F
ν
)] ◦ ∇W + φ∗
∞∑
k=1
∑
i+j=k−1
{i;∇W ; j}(F
ν
)
−φ∗ ◦ ad( 1
ν
(Gz − φ−1∗(Gy)z)) ◦ exp[ad(F
ν
)]
= φ∗ ◦ exp[ad(F
ν
)] ◦ ∇W + φ∗
∞∑
k=1
∑
i+j=k−1
{i;∇W ; j}(F
ν
)
−φ∗ ◦ exp[ad(F
ν
)](
1
ν
(Gz − φ−1∗(Gy)z))
−φ∗
( ∞∑
k=1
1
k!
∑
i+j=k−1
{i; 1
ν
(Gz − φ−1∗(Gy)z); j}F
ν
)
= φ∗ ◦ exp[ad(F
ν
)] ◦ ∇W
+φ∗
∞∑
k=1
∑
i+j=k−1
{i; ∇˜W ; j}(F
ν
)
−φ∗
(
exp[ad(
F
ν
)]
( 1
ν
(Gz − φ−1∗(Gy)z)
))
.

Therefore we have
Theorem 5.20 Assume that F satisfies
∞∑
k=1
1
k!
∑
i+j=k−1
{i; ∇˜W ; j}(F
ν
)
= exp[ad
(F
ν
)
]
(1
ν
(G− φ−1∗(G)))(64)
where G and φ is given in (57) and (58). Then we have
∇W ◦ φ∗ ◦ exp[ad( 1
ν
F )] = φ∗ ◦ exp[ad( 1
ν
F )] ◦ ∇W .(65)
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With a slight modification, we can adapt the iterated argument employed for
the construction of Fedosov connection ([13], see also §6.1) in such a way that
we can apply it to solving the equation (64). Thus, we have
Theorem 5.21 For any symplectic diffeomorphism φ on a symplectic manifold
(M,ω), there canonically exists an element φˆ ∈ Aut(M, ∗) which induces the
base map φ on M .
Proposition 5.22 Assume that there exists a map 14 j from Diff(M,ω) into
Aut(M, ∗) satisfying p ◦ j = identity. Then we have a bijection:
Aut(M, ∗) ∼= Diff(M,ω)×Aut(M, ∗).(66)
Proof As mentioned in Proposition 5.15, any element Ψ ∈ Aut(M, ∗) induces
a symplectic diffeomorphism φ = p(Ψ) on the base manifold. Set φˆ = j(φ) and
Φ = φˆ−1 ◦ Ψ. By the assumption, Φ induces the base identity map. According
to Propositions 5.6 and 5.7, we see Φ = exp[ad( 1
ν
(g(ν2) + ν2f#(ν2)))]. 
As seen in the proposition above, in order to determine the model space of
Aut(M, ∗), we have to determine the model space of Diff(M,ω). Take a dif-
feomorphism (prM , σ) from an open neighborhood U0 of the zero section in
T ∗M onto an open neighborhood U2 of the diagonal set of M ×M , such that
σ(0-section|x) = x. Let ω0 be the canonical symplectic structure of T ∗M , and
ω1 := (prM , σ)
∗(ω⊕ω−), where the reversed symplectic structre of ω is denoted
by ω−. Since ω0 and ω1 vanish when restricted to the zero section, by vurtue of
Moser’s technique (cf. [5]), there exists a diffeomorphism ϕ : U0 → U1 between
two suitable open neighborhoods U0 and U1 of the zero section in T
∗M which
is the identity on the zero section and satisfies ϕ∗ω1 = ω0. Thus we obtain that
η = (prM , σ) ◦ ϕ : (U0, ω0) ϕ←→ (U1, ω1) (prM ,σ)←→ (U2, ω ⊕ ω−).(67)
ϕ (prM , σ)
U0 ⊂ T ∗M U1 ⊂ T ∗M U2 ⊂M ×M
We also see that
{η−1(x, f(x))|x ∈M} is a closed form (∈ Ω1c(T ∗M))
14The map j is not a Lie group homomorphism in general.
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⇔ {η−1(x, f(x))|x ∈M} is a Lagrangian submanifold of (T ∗M,ω0)
(67)⇔ the graph is a Lagrangian submanifold of (M ×M,ω ⊕ ω−)
⇔ 0 = (IdM , f)∗(pr∗1(ω)− pr∗2(ω)) = Id∗Mω − f∗ω
⇔ f ∈ Diffc(M,ω)
Let U be an open neighborhood of IdM consisting of all f ∈ Diff(M) with
compact support satisfying (IdM , f)(M) ⊂ U2 and prM : η−1({(x, f(x))|x ∈
M}) → M is still a diffeomorphism. For f ∈ U, the map (IdM , f) : M →
graph(f) ⊂M×M is the natural diffeomorphism onto the graph of f . According
to (67), we can define the smooth chart of Diff(M) which is centered at the
identity in the following way:
Diffc(M) ⊃ U Ψ→ Ψ(U) ⊂ Ω1c(M), Ψ(f) = η−1(IdM , f) ; M → T ∗M.
Since Ω1c(T
∗M) is Mackey complete (cf. [22]), U ∩ Diff(M,ω) gives a subman-
ifold chart for Diff(M,ω) at IdM . Moreover, conditions of Definition 2.2 can
be shown by the standard argument of ordinary differential equation under a
certain identification of T ∗M with TM . Therefore, we have the following.
Theorem 5.23 ([22], [40]) Let (M,ω) be a finite-dimensional symplectic man-
ifold. Then the group Diff(M,ω) of symplectic diffeomorphisms is a regular Lie
group and a closed submanifold of the regular Lie group Diff(M) of diffeomor-
phisms. The Lie algebra of Diff(M,ω) is Mackey complete locally convex space
Xc(M,ω) of symplectic vector fields with compact supports.
Combining the Baker-Campbell-Hausdorff formula with Propositions 5.14 and
5.22, we have
Lemma 5.24 The following maps are smooth:
(i) Diff(M,ω)×Aut(M, ∗)→ Aut(M, ∗); (φ,Ψ) 7→ φˆ−1 ◦Ψ ◦ φˆ,
(ii) Diff(M,ω)×Diff(M,ω)→ Aut(M, ∗); (φ, ψ) 7→ ̂(φ ◦ ψ)
−1
◦ φˆ ◦ ψˆ,
(iii) Diff(M,ω)→ Aut(M, ∗);φ 7→ φˆ ◦ ˆφ−1.
According to Propositions 5.14 and 5.22, Xc(M,ω) × Cc(M) is a model space,
which is a Mackey complete locally convex space. Let Ψi = ψˆi ◦ ead( 1νHi(ν2)),
where Hi(ν
2) = gi(ν
2)+ ν2f#i (ν
2) (i = 1, 2). Then the multiplication is written
in the following way:
Ψ1 ◦Ψ2 = ψˆ1 ◦ ead( 1νH1(ν
2)) ◦ ψˆ2 ◦ ead( 1νH2(ν
2))(68)
= ψ̂1 ◦ ψ2 ◦
{
̂(ψ1 ◦ ψ2)
−1
◦ ψˆ1 ◦ ψˆ2
}
◦
{
ψˆ2
−1 ◦ ead( 1νH1(ν2)) ◦ ψˆ2
}
◦ ead( 1νH2(ν2)).
According to (i) and (ii) of Lemma 5.24, (68) is written as(
ψ̂1 ◦ ψ2
)
◦ ead( 1νH(ψ1,ψ2,H1(ν2),H2(ν2))),
25
and we see the smoothness of
(ψ1, ψ2, H1(ν
2), H2(ν
2)) 7→ H(ψ1, ψ2, H1(ν2), H2(ν2)).
By a similar way, we can verify the smoothness of the inverse operation. Sum-
ming up what is mentioned above, we have
Theorem 5.25 Under the assumption of Proposition 5.22, Aut(M, ∗) is a Lie
group modeled on a Mackey complete locally convex space Xc(M,ω)× Cc(M).
Furthermore, combining the definition of Aut(M, ∗) with Proposition 5.15 gives
a short exact sequence
1→ Aut(M, ∗)→ Aut(M, ∗)→ Diff(M,ω)→ 1.
As mentioned in Thenorem 5.23, the group Diff(M,ω) of all symplectic dif-
feomorphisms is a regular Lie group modeled on a Mackey complete locally
convex space Xc(M,ω). Therefore, combining Theorem 5.14 with Lemma 2.3,
Aut(M, ∗) is a regular Lie group. Thus, we obtain the following.
Theorem 5.26 Under the same notation above,
1. 1 → Aut(M, ∗) → Aut(M, ∗) → Diff(M,ω) → 1 is a short exact sequence
of Lie groups.
2. Aut(M, ∗) and Aut(M, ∗) are regular Lie groups.
This completes the proof of Theorem 1.1.
5.3 Lifts as local contact Weyl diffeomorphisms
We first remark that we can find a globally defined modified contact Weyl
diffeomorphism as a lift of symplectic diffeomorphism. However, in general,
we can not find a globally defined contact Weyl diffeomrphism as a lift. In
the present subsection, we consider the existence of a locally defined contact
Weyl diffeomorpshism as a lift of a locally defined symplectic diffeomorphism.
Although the following argument seems well known for specialists, we review it
for readers’ convenience.
Assume that(
U, z = (z1, · · · , z2n)), (φ(U), z′ = (z′1, · · · , z′2n))
are star-shaped Darboux charts. Then φ|U is expressed as(
z
′1, · · · , z′2n) =(φ1(z), · · · , φ2n(z))
and satisfies
{φi, φj} = {φi+n, φj+n} = 0, {φi, φn+j} = −δij (1 ≤ i, j ≤ n),
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because φ is a symplectic diffeomorphism defined on U . The Weyl continuations
φi# (i = 1, · · · 2n) only satisfy
[φi#, φj#] = ν3ai,j#(3) + · · ·+ ν2l+1ai,j#(2l+1) + · · · ,
[φi#, φn+j#] = −νδij + ν3ai,n+j#(3) + · · ·+ ν2l+1ai,n+j#(2l+1) + · · · ,(69)
[φn+i#, φn+j#] = ν3an+i,n+j#(3) + · · ·+ ν2l+1an+i,n+j#(2l+1) + · · · .
However the Jacobi identity holds:
[φs#[φt#, φu#]] + c.p. = 0,(70)
where “c.p.” means “cyclic permutation”. This gives
{z′s, at,u(3)}+ c.p. = {φs, at,u(3)}+ c.p. = 0 (1 ≤ s, t, u ≤ 2n).(71)
Set
ω′(z′) =
1
2
∑
1≤i,j≤n
[
a
(3)
n+i,n+j(z
′)dx
′i ∧ dx′j
−2a(3)n+i,j(z′)dx
′i ∧ dy′j + a(3)i,j (z′)dy
′i ∧ dy′j
]
(z′ ∈ U ′).(72)
A direct computation shows that (71) is equivalent to dω′ = 0. As the proof of
Lemma 3.4 in [46], the closedness of ω′ above ensures the existence of elements
b′j ∈ C∞(φ(U))[[ν]], (j = 1, · · · , 2n) such that replacing φs# by
φs(1) =
{
φj(z) + ν2b′j+n(φ(z)), s = j
φj+n(z)− ν2b′j(φ(z)), s = j + n
(1 ≤ j ≤ n),(73)
shows that ν3-components of (69) vanish. Repeating the argument above for
the ν5-, ν7- components gives
φ(∞) = (φ
1
(∞), · · · , φ2n(∞)),
where
φi(∞) = φ
i(z) +
∑
p≥1
ν2pgip(z)(74)
such that
[φi#(∞), φ
j#
(∞)] = [φ
n+i#
(∞) , φ
n+j#
(∞) ] = 0, [φ
i#
(∞), φ
n+j#
(∞) ] = −νδij , (i, j = 1, · · · , n).
Thus, by Lemma 3.2 in [45], there exists a local Weyl diffeomorphism ΦU which
induces the base map φU . We next extend ΦU to a local contact Weyl diffeo-
morphism ΨU . Set
Ψ∗U (a) =
{
Φ∗U (a), (a ∈ FU ),
τ˜U +H, (a = τ˜φ(U)).
(75)
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where H =
∑
m ν
mh#m is an unknown term. ΨU is a contact Weyl diffeomor-
phism if it satisfies the following equation w.r.t. H
[Ψ∗U (τ˜φ(U)),Ψ
∗
U (z
′i#)] = Ψ∗U [τ˜φ(U), z
′i#].(76)
As to the equation, we easily have
R.H.S. of (76) = Ψ∗U (νz
′i#)
def
= ν(φ#i +B
#(ν)),(77)
where B(ν) =
∑
l≥1 ν
2lgl. On the other hand, we also obtain
L.H.S. of (76)
(2.18) in [58]
= ν
(∑
l
zl
∂z
′i
∂zl
)#
+
[∑
m
νmhm(z
′i ◦ φ)+
∑
p
ν2pgp
]#
(78)
+
(
2ν2∂νB+ν(EB)
)#
where E = ν
∑2n
l=1 z
l∂zl . As the proof of Theorem 3.6 in [45], comparing the
components w.r.t. ν1-, ν2-,ν3-,· · · of the both sides splits the equation w.r.t. H
above into infinitely many equations. Since the component of ν is
{h0, z
′i ◦ φ} = (z′i ◦ φ) −
∑
zl
(
∂z
′i
∂zl
)
,(79)
we can find the solution h0 for this equation, and then we can solve the infinitely
many equations recursively 15. Summing up the above, we have
Proposition 5.27 Take a star-shaped Darboux chart U . For any symplectic
diffeomorphism φ : U → φ(U), there canonically exists a contact Weyl diffeo-
morphism (CW-lift) φˆ which induces φ.
Then we have
Corollary 5.28 Assume that a symplectic manifold M is covered by a star-
shaped Darboux chart. Then for any symplectic diffeomorphism φ : M → M ,
there canonically exists a contact Weyl diffeomorphism (CW-lift) φˆ which in-
duces φ.
6 Appendices
6.1 Fedosov connection
As seen in the previous section, as to the quantum connection ∇Q, it holds that
∇Q|WM = ∇W ,
F(WM ) = { parallel section w.r.t.∇Q|WM }.
15Thanks to star-shapedness of U , we can fix b′s and H canonically.
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Let ∇symp be a symplectic connection and
δ−1(νmZαdzβ) =
{ ∑2n
i=1 dziιZiν
mZαdzβ (|α|+ |β| 6= 0),
0 (|α| + |β| = 0),(80)
where ι is a inner product. We may write ∇Q|WM = ∇symp − δ + r, where r
is a 1-form with Γ(WM ) coefficient. Then as in [13], r satisfies the following
equation
δr = Rω +∇sympr + 1
2ν
[r, r].(81)
Or equivalently r satisfies
r = δ−1{(∇symp + 1
2ν
[r, r]) +Rω},(82)
under the assumptions deg r ≥ 2, δ−1r = 0, r0 = 0. Set rk is the term of r
degree k. Since it is known that this equation can be solved by recursively in
the following way
r3 = δ
−1Rω,
rn+3 = δ
−1(∇Krn+2 + 1ν
∑k−1
l=1 rl+2 ∗ rk+2−l).
(83)
Until now we did not consider the symplectic action of G on M . By the same
manner, we have the following.
Proposition 6.1 Suppose that a Lie group G is compact, and for any g ∈ G,
∇symp ◦g∗ = g∗ ◦∇symp, where ∇symp is a symplectic connection. Then we can
construct a quantum connection ∇Q such that ∇Q|WM ◦ g∗ = g∗ ◦ ∇Q|WM 16.
6.2 Examples of star exponential
This subsection is devoted to computations of star-exponential functions for
quadratic forms (cf. [43], [44]).
Let Z = t(Z1, . . . , Z2n), A[Z] := tZAZ, where A ∈ Sym(2n,R), i.e. A is a
2n× 2n-real symmetric matrix. In order to compute the star exponential func-
tion with respect to the Moyal product e
1
µ
A[Z]
∗ , we treat the following evolution
equation.
∂tF =
1
µ
A[Z] ∗ F, F0 = e
1
µ
B[Z],(84)
where B ∈ Sym(2n,R), µ = −√−1~. Under the assumption F (t) = g · e 1µQ[Z]
(g = g(t), Q = Q(t)), we would like to find a solution of this equation. Set
Λ =
[
0 1
−1 0
]
, q := ΛQ and a := ΛA, then we see that
∑
l,m,i1,i2,j1,j2
Ai1i2Λ
i1j1Λi2j2Qj1mQj2lZ
mZ l(85)
16Note that this action is not commute with ∇Q in general. For example, compute and
compare ∇Q(g∗τ) and g∗(∇Qτ)
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=
∑
l,m,i1,i2,j1,j2
Qmj1(−Λj1i1)Ai1i2Λi2j2Qj2lZmZ l
= −QΛAΛQ[Z].
From now, we use Einstein’s convention. As to the first equation of (84), we see
that
L.H.S. of (84) = g′e
1
µ
Q[Z] + g
1
µ
Q′[Z]e
1
µ
Q[Z],
R.H.S. of (84) =
1
µ
A[Z] ∗ F
=
1
µ
A[Z] · F + i~
2
Λi1j1∂i1
1
µ
A[Z] · ∂j1F −
~2
2 · 4Λ
i1j1Λi2j2∂i1i2
1
µ
A[Z]∂j1j2F
=
1
µ
A[Z] · ge 1µQ[Z] − µ
2
Λi1j1
( 2
µ
Ai1lZ
l
)(
2g
1
µ
Qj1mZ
me
1
µ
Q[Z]
)
+
+
µ2
8
Λi1j1Λi2j2
( 2
µ
Ai1i2
)
×
×
(
2g
1
µ
Qj1j2e
1
µ
Q[Z] + 4g
1
µ
Qj1m
1
µ
∗Qj2lZmZ le
1
µ
Q[Z]
)
.
Comparing the coefficient of µ−1, we obtain
Q′[Z] = A[Z]− 2tAΛQ[Z]−QΛAΛQ[Z].(86)
Applying Λ by left, we get
ΛQ′ = ΛA+ ΛQΛA− ΛAΛQ− ΛQΛAΛQ(87)
= (1 + ΛQ)ΛA(1− ΛQ)
= (1 + q)a(1 − q).
As to the coefficient of µ0, we have
g′ =
1
2
Λi1j1Λi2j2Ai1i2gQj1j2(88)
= −1
2
tr(ΛA · ΛQ)g
= −1
2
tr(aq) · g.
Thus the equation (84) is rewritten by
∂tq = (1 + q)a(1 − q),(89)
∂tg = −1
2
tr(aq) · g.(90)
We now recall the “Cayley transform.”
Proposition 6.2 Set C(X) := 1−X1+X . Then
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1. X ∈ sp(n,R)⇐⇒ ΛX ∈ Sym(2n,R),
and then C(X) ∈ Sp(n,R) := {g ∈M(2n,R)|tgΛg = Λ},
2. C−1(g) = 1−g1+g ,
3. e2
√−1a = c(−√−1 tan(a)),
4. log a = 2
√−1 arctan(√−1C−1(g)),
5. ∂tq = (1 + q)a(1− q)⇐⇒ ∂tC(q) = −2aC(q).
Proof First we remark that
(1− tX)Λ(1−X)− (1 + tX)Λ(1 +X)(91)
= Λ− tXΛ− ΛX + tXΛX − (Λ− tXΛ+ ΛX + tXΛX) = 0,
if tXΛ+ ΛX = 0. Hence
tC(X)ΛC(X) = Λ(92)
= t
(1−X
1 +X
)
Λ
(1−X
1 +X
)
= (1 + tX)−1(1− tX)Λ(1−X)(1 +X)−1.
Take an element A ∈ Sym(2n,R), and set X = ΛA. Then
t(ΛA)Λ + Λ(ΛA)
(92)
= 0.
Thus, X = ΛA ∈ Sp(n,R). Conversely, assume X ∈ Sp(n,R). Then
t(−ΛX) = −tXtΛ = tΛ = −ΛX.
2 is obvious.
As to the assertion 3,
C−1(e2
√−1a) =
1− e2
√−1a
1 + e2
√−1a(93)
=
−√−1 e
√−1a−e−
√−1a
2
√−1
e
√−1a+e−
√−1a
2
= −√−1 tan a.
As to the assertion 4, according to the assersion 3, for g = e2
√−1a, we easily
have
g = C(−√−1 tan( 1
2
√−1 log g
)
).
Then we see that
log g = 2
√−1 arctan(√−1C−1(g)).
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Finally we show the assertion 5.
C(q)′ =
(1− q
1 + q
)′
(94)
= (1 + q)−1(−q)′ + (1 + q)−1(−q)′(1 + q)−1(1− q)
= −(1 + q)−1{(1 + q)a(1 − q)}
+(1 + q)−1{(1 + q)a(1− q)}(1 + q)−1(1− q)
= −a(1− q)− a(1− q)(1 + q)−1(1− q)
= −a
{
1 +
1− q
1 + q
}
(1− q)
= −2aC(q).
Solving the above equation (94), we have
C(q) = e−2atC(b),
and then
q = C−1(e−2at · C(b)) = C−1(C(−√−1 tan(√−1at) · C(b)).
Thus we obtain
Q = −Λ · C−1(C(−√−1 tan(√−1ΛAt)) · C(b)).(95)
We can get q in the following way.
q = (1− e−2atC(b))(1 + e−2atC(b))−1
=
(
1− e−2at 1− b
1 + b
)(
1− e−2at 1− b
1 + b
)
= e−at{}(1 + b)−1{(1 + b)−1}−1{}e−at
= e−at{eat(1 + b)− e−at(1− b)}(1 + b)−1
×{(1 + b)−1}−1{eat(1 + b) + e−at(1− b)}−1(e−at)−1
= e−at{eat(1 + b)− e−at(1− b)}{eat(1 + b) + e−at(1− b)}−1(e−at)−1.
This determines the phase part Q. Next we compute the amplitude coefficient
part g.
First we replace
g′ = −1
2
Tr(aq) · g
by
(log g)′ = −1
2
Tr(aq).(96)
Since
Tr
{
log
(eat(1 + b) + e−at(1− b)
2
)}′
= Tr
{
a
eat(1 + b)− e−at(1− b)
eat(1 + b) + e−at(1− b)
}
= Tr(aq),
32
we can rewrite (96) as
(log g)′ = −1
2
Tr
{
log
(eat(1 + b) + e−at(1− b)
2
)}′
(97)
= −1
2
log
{
det
(eat(1 + b) + e−at(1 − b)
2
)}′
.
Then we have
g = det−
1
2
(eat(1 + b) + e−at(1− b)
2
)
.
Setting t = 1, a = ΛA and b = ΛB, we get
e
1
µ
A[Z]
∗ ∗ e
1
µ
B[Z]
= det−
1
2
(eΛA(1 + ΛB) + e−ΛA(1 − ΛB)
2
)
· e 1µΛ−1C−1[C( 1√−1 tan(
√−1ΛA))·C(ΛB)][Z]
.
Setting B = 0, we have
Theorem 6.3
e
1
µ
A[Z]
∗ = det−
1
2
(eΛA + e−ΛA
2
)
· e 1µ ( Λ
−1
√−1 tan(
√−1ΛA))[Z]
.(98)
6.3 Formality theorem
In this subsection, we recall the basics of L∞-algebras. See [20], [10] and [27]
for details.
In the following V = ⊕k∈ZV k is a graded vector space, and [1] is the shift-
functor, that is, V [1]k = V k+1. V [1] = ⊕kV [1]k is called a shifted graded vector
space of V . We set C(V ) = ⊕n≥1Symn(V ) where
Symn(V ) = T n(V )/{· · · ⊗ (x1x2 − (−1)k1k2x2x1)⊗ · · · ;xi ∈ V ki}.
This space has a coproduct ∆ : C(V )→ C(V )⊗ C(V ) defined in the following
way:
∆(x1 · · ·xn)
=
n−1∑
k=1
1
k!(n− k)!
∑
σ∈Sn
sign(σ;x1 · · ·xn)
(
xσ(1) · · ·xσ(k)
)⊗(xσ(k+1) · · ·xσ(n)),
where sign(σ;x1 · · ·xn) is defined by xσ(1) · · ·xσ(n) = sign(σ;x1 · · ·xn)x1 · · ·xn.
This coproduct is coassociative, i.e. (1 ⊗ ∆) ◦ ∆ = (∆ ⊗ 1) ◦ ∆. We denote
k1 + k2 + · · ·+ kn by deg(x1 · · ·xn), where (xi ∈ V ki).
Definition 6.4 A map f : C(V1)→ C(V2) is called a coalgebra homomorphism
if (1) ∆ ◦ f = (f ⊗ f) ◦∆, (2) f preserves the grading.
The coderivation is defined in the following way.
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Definition 6.5 A map ℓ : C(V ) → C(V ) is called a coderivation if the fol-
lowing properties are satisfied (1) ℓ is an odd vector field of degree +1, (2)
(ℓ⊗ˆid+ id⊗ˆℓ) ◦∆ = ∆ ◦ ℓ, where (id⊗ˆℓ)(x⊗ y) = (−1)degxx⊗ ℓ(y).
We also use the following notation: Set f (n) = p ◦ f |Symn(V1) : Symn(V1)→ V2,
and ℓ(n) = p ◦ ℓ|Symn(V1) : Symn(V1) → V2, where p = canonical projection :
C(V2)→ V2.
Under the above notation, L∞-algebras and L∞-morphisms are defined in
the following way:
Definition 6.6 An L∞-algebra is a pair (V, ℓ), where V is a graded vector
space and ℓ is a coderivation on the graded coalgebra C(V ), such that ℓ2 = 0.
Definition 6.7 An L∞-morphism F∗ between two L∞-algebras (V1, ℓ1) and
(V2, ℓ2) is a coalgebra homomorphism such that ℓ2 ◦ F∗ = F∗ ◦ ℓ1.
Remark If ℓ = ℓ(1) + ℓ(2), and d = ℓ(1), [x, y] = (−1)deg x−1ℓ(2)(x, y), then
ℓ2 = 0 if and only if
d2 = 0, d[x, y] = [dx, y] + (−1)degx−1[x, dy],
[[x, y], z] + (−1)(x+y)(z+1)[[z, x], y] + (−1)(y+z)(x+1)[[y, z], x] = 0,
that is, (V, ℓ) is a graded differential Lie algebra.
We next recall the Kontsevich formality theorem [20].
Differential Graded Lie algebra of Tpoly-fields
Let M be a smooth manifold. Set Tpoly(M) = ⊕k≥−1Γ(M,∧k+1TM), and let
[·, ·]S be the Schouten bracket:
[X0 ∧ · · · ∧Xm, Y0 ∧ · · · ∧ Yn]S =
∑
i,j
(−1)i+j+m[Xi, Yj ] · · · ∧ Xˆi ∧ · · · ∧ Yˆj ∧ · · · ,
where Xi, Yi ∈ Γ(M,TM). Then, the triple
(Tpoly(M)[[~]], d := 0, [·, ·] := [·, ·]S)
forms a differential graded Lie algebra. It is well known that for any bivector
π ∈ Γ(M,∧2TM), π is a Poisson structure if and only if
[π, π]S = 0.(99)
Differential Grade Lie algebra of Dpoly-fields
Let (A, •) be an associative algebra and set C(A) = ⊕k≥−1Ck, Ck = Hom(A⊗k+1;A).
For ϕi ∈ Cki (i = 1, 2), we set
ϕ1 ◦ ϕˆ2(a0 ⊗ a1 ⊗ · · · ⊗ ak1+k2)
=
k∑
i=0
(−1)ik2ϕ1 (a0 ⊗ · · · ⊗ ai−1(100)
⊗ ϕ2 (ai ⊗ · · · ⊗ ai+k2)⊗ ai+k2+1 ⊗ · · · ⊗ ak1+k2) .
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Then the Gerstenhaber bracket is defined in the following way:
[ϕ1, ϕ2]G = ϕ1 ◦ ϕˆ2 − (−1)k1k2ϕ2 ◦ ϕˆ1(101)
and Hochschild coboundary operator δ = δ• with respect to • is defined by
δ•(ϕ) = (−1)k[•, ϕ] (ϕ ∈ Ck). Then it is known that the triple
(C(A), d := δ•, [·, ·] := [·, ·]G)
is a differential graded Lie algebra.
Let M be a smooth manifold. Set F = C∞(M), and Dpoly(M)n(M)
equals a space of all multidifferential operators from F⊗n+1 into F . Then
Dpoly(M)[[~]] = ⊕n≥−1Dnpoly(M)[[~]] is a subcomplex of C(F [[~]]). Further-
more, the triple (Dpoly(M)[[~]], δ, [·, ·]G) is a differential graded Lie algebra.
Proposition 6.8 Let B be a bilinear operator and f ⋆ g = f · g+B(f, g). Then
the product ⋆ is associative if and only if B satisfies
δ·B +
1
2
[B,B]G = 0.(102)
Next we recall the moduli space MC(C(V [1])). For b ∈ V [1], set eb = 1 + b +
b⊗b
2! + · · · ∈ C(V [1]).
Definition 6.9 ℓ(eb) = 0 is called a Batalin-Vilkovisky-Maurer-Cartan equa-
tion, where ℓ = d+ (−1)deg ◦[◦, •].
Using this equation, we define the moduli space as follows:
Definition 6.10
M̂C(C(V [1])) = {b; ℓ(eb) = 0},(103)
MC(C(V [1])) = M̂C(C(V [1]))/ ∼,(104)
where V stands for Tpoly(M)[[~]] and Dpoly(M)[[~]], and ∼ means the gauge
equivalence 17 (cf. [20]).
Note that (99) and (102) can be seen as the Batalin-Vilkovisky-Maurer-Cartan
equations.
With these preliminaries, we can state precise version of Kontsevich formality
theorem:
17Strictly speaking, as for formal Poisson bivectors, π1(~) ∼ π2(~) if there exists a for-
mal vector field D ∈ X(M)[[~]] such that exp ~D ◦ π1(~) = π2(~) ◦ (exp ~D ⊗ exp ~D).
On the other hand, as for star-prodcts, ∗1 ∼ ∗2 if there exists a intertwiner T = 1 +∑
r≥1 ~
rTr, (Tr :differential operators of order r) such that T ◦ ∗1 = ∗2 ◦ (T ⊗ T ).
35
Theorem 6.11 There exists a map U such that
U :MC(C(Tpoly(M)[[~]][1])) ∼=MC(C(Dpoly(M)[[~]][1])).
As a biproduct, we have
Theorem 6.12 For any Poisson manifold (M,ω) there exists a formal defor-
mation quantization.
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